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Introduction 

 

Figure 6.1 If you ask enough people about their shoe size, you will find that 
your graphed data is shaped like a bell curve and can be described as 
normally distributed. (credit: Ömer Ünlϋ) 

The normal, a continuous distribution, is the most important of all the 
distributions. It is widely used and even more widely abused. Its graph is 
bell-shaped. You see the bell curve in almost all disciplines. Some of these 
include psychology, business, economics, the sciences, nursing, and, of 
course, mathematics. Some of your instructors may use the normal 
distribution to help determine your grade. Most IQ scores are normally 
distributed. Often real-estate prices fit a normal distribution. The normal 
distribution is extremely important, but it cannot be applied to everything in 
the real world. 

In this chapter, you will study the normal distribution, the standard normal 
distribution, and applications associated with them. 

The normal distribution has two parameters (two numerical descriptive 
measures), the mean (μ) and the standard deviation (σ). If X is a quantity to 
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be measured that has a normal distribution with mean (μ) and standard 
deviation (σ), we designate this by writing 

 

Figure 6.2 

The probability density function is a rather complicated function. Do not 
memorize it. It is not necessary. 
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The cumulative distribution function is P(X < x). It is calculated either by a 
calculator or a computer, or it is looked up in a table. 

The curve is symmetrical about a vertical line drawn through the mean, μ. 
The mean is the same as the median, which is the same as the mode, 
because the graph is symmetric about μ. As the notation indicates, the 
normal distribution depends only on the mean and the standard deviation. 
Since the area under the curve must equal one, a change in the standard 
deviation, σ, causes a change in the shape of the curve; the curve becomes 
fatter and wider or skinnier and taller depending on σ. A change in μ causes 
the graph to shift to the left or right. This means there are an infinite 
number of normal probability distributions. One of special interest is called 
the standard normal distribution. 

6.1 | The Standard Normal Distribution 

The standard normal distribution is a normal distribution 
of standardized values called z-scores. A z-score is measured in units 
of the standard deviation. For example, if the mean of a normal 
distribution is five and the standard deviation is two, the value 11 is three 
standard deviations above (or to the right of) the mean. The calculation is as 
follows: 
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𝑧𝑧 =
𝑥𝑥 − 𝜇𝜇
𝜎𝜎

=
11 − 5

2
= 3 

The mean for the standard normal distribution is zero, and the standard 
deviation is one. That is, Z ~ N(0, 1). The value x comes from a normal 
distribution with mean μ and standard deviation σ. 

𝐙𝐙-Scores 

If X is a normally distributed random variable and X ~ N(μ, σ), then the z-
score is: 

𝑧𝑧 =
𝑥𝑥 − 𝜇𝜇
𝜎𝜎

 

The z-score tells you how many standard deviations the value x is 
above (to the right of) or below (to the left of) the mean, μ. Values 
of x that are larger than the mean have positive z-scores, and values 
of x that are smaller than the mean have negative z-scores. If x equals the 
mean, then x has a z-score of zero. 

Example 6-1 

Suppose X ~ N(5, 6). This means that x is a normally distributed random 
variable with mean μ = 5 and standard deviation σ = 6. Suppose x = 17. 
Find the 𝑧𝑧-score for 𝑥𝑥 = 17 and 𝑥𝑥 = 1 and interpret. 

Solution 6-1 

For 𝒙𝒙 = 𝟏𝟏𝟏𝟏: 

𝑧𝑧 =
𝑥𝑥 − 𝜇𝜇
𝜎𝜎

=
17 − 5

6
= 2 

This means that x = 17 is two standard deviations (2σ) above (or to 
the right) of the mean μ = 5. The standard deviation is σ = 6. 

Now suppose x = 1. Then: 

𝑧𝑧 =
1 − 5

6
≈ −0.67 

This means that x = 1 is 0.67 standard deviations below (or to the 
left) of the mean μ = 5. 
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Summarizing, when z is positive, x is above or to the right of μ. And 
when z is negative, x is to the left of or below μ. Or, when z is 
positive, x is greater than μ, and when z is negative x is less than μ. 

Try It 6-1 

What is the z-score of x, when x = 7.5 and X ~ N(12,3)? 

Chapter 6 Try It Solutions 

Example 6-2 

Some doctors believe that a person can lose five pounds, on the average, 
in a month by reducing his or her fat intake and by exercising consistently. 
Suppose weight loss has a normal distribution. Let X = the amount of 
weight lost(in pounds) by a person in a month. Use a standard deviation of 
two pounds. X ~ N(5, 2). Fill in the blanks. 

a) Suppose a person lost ten pounds in a month. The z-score when x = 
10 pounds is z = _______ . This z-score tells you that x = 10 is 
________ standard deviations to the ________ (right or left) of the 
mean which is ______ . 

b) Suppose a person gained three pounds (a negative weight loss). 
Then z = __________. This z-score tells you that x = –3 is 
________ standard deviations to the __________ (right or left) of 
the mean. 

Solution 6-2 

a) 𝑧𝑧 = 10−5
2

= 2.5 

This z-score tells you that x = 10 is 2.5 standard deviations to 
the right of the mean which is five. 

b) 𝑧𝑧 = −3−5
2

=  −4 

This z-score tells you that x = –3 is four standard deviations to 
the left of the mean.  

Suppose the random variables 𝑋𝑋1 and 𝑋𝑋2 have the following normal 
distributions: 𝑋𝑋1 ~ N(5, 6) and 𝑋𝑋2 ~ N(2, 1). 

If   𝑥𝑥1 = 17,     𝑧𝑧 = 𝑥𝑥1−𝜇𝜇
𝜎𝜎

= 17−5
6

= 2              (μ=5,  σ=6) 

If   𝑥𝑥2 = 4,    𝑧𝑧 = 𝑥𝑥2−𝜇𝜇
𝜎𝜎

= 4−2
1

= 2              (μ=2,  σ=1) 
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Therefore,  𝑥𝑥1 = 17 and 𝑥𝑥2 = 4 are both two (of their own) standard 
deviations to the right of their respective means. 

The z-score allows us to compare data that are scaled differently. To 
understand the concept, suppose 𝑋𝑋1 ~ N(5, 6) represents weight gains for 
one group of people who are trying to gain weight and X1 ~ N(2, 1) 
measures the weight gain for a second group of people. A negative weight 
gain would be a weight loss. Since x2 = 17 and x2 = 4 are each two standard 
deviations to the right of their means, they represent the same standardized 
weight gain relative to their means. 

Try It 6-2 

Fill in the blanks. 

Jerome averages 16 points a game with a standard deviation of four 
points. X ~ N(16,4). Suppose Jerome scores ten points in a game. The z–
score when x = 10 is _____. This score tells you that x = 10 is _____ 
standard deviations to the ______(right or left) of the mean which is 
______. 

Chapter 6 Try It Solutions 

The Empirical Rule 

If X is a random variable and has a normal distribution with mean µ and 
standard deviation σ, then the Empirical Rule says the following: 

• About 68% of the x values lie between –1σ and +1σ of the 
mean µ (within one standard deviation of the mean). 

• About 95% of the x values lie between –2σ and +2σ of the 
mean µ (within two standard deviations of the mean). 

• About 99.7% of the x values lie between –3σ and +3σ of the 
mean µ (within three standard deviations of the mean). Notice that 
almost all the x values lie within three standard deviations of the 
mean. 

• The z-scores for +1σ and –1σ are +1 and –1, respectively. 
• The z-scores for +2σ and –2σ are +2 and –2, respectively. 
• The z-scores for +3σ and –3σ are +3 and –3 respectively. 

The empirical rule is also known as the 68-95-99.7 rule. See video 

https://youtu.be/Txylq6RLiK8
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Example 6-3 

The mean height of 15 to 18-year-old males from Chile from 2009 to 2010 
was 170 cm with a standard deviation of 6.28 cm. Male heights are known 
to follow a normal distribution. Let X = the height of a 15 to 18-year-old 
male from Chile in 2009 to 2010. Then X ~ N(170, 6.28). 
Suppose a 15 to 18-year-old male from Chile was 168 cm tall from 2009 
to 2010. The z-score when x = 168 cm is z = _______. This z-score tells 
you that x = 168 is ________ standard deviations to the ________ (right 
or left) of the mean which is _____ . 

Solution 6-3 

–0.32, 0.32, left, 170 

𝑧𝑧 =
𝑥𝑥 − 𝜇𝜇
𝜎𝜎

=
168 − 170

6.28
= −0.32 

Try It 6-3 

In 2012, 1,664,479 students took the SAT exam. The distribution of scores 
in the verbal section of the SAT had a mean µ = 496 and a standard 
deviation σ = 114. Let X = a SAT exam verbal section score in 2012. 
Then X ~ N(496, 114). 

Find the z-scores for 𝑥𝑥1 = 325 and 𝑥𝑥2 = 366. Interpret each z-score. What 
can you say about 𝑥𝑥1 = 325 and 𝑥𝑥2 = 366? 

Chapter 6 Try It Solutions 
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Example 6-4 

Suppose x has a normal distribution with mean 50 and standard deviation 
6.  

a) About 68% of x values lie between what two values? 

b) About 95% of x values lie between what two values? 

c) About 99.7% of x values lie between what two values? 

Solution 6-4 

a) About 68% of the x values lie between –1σ = (–1)(6) = –6 and 1σ = 
(1)(6) = 6 of the mean (50). The values 50 – 6 = 44 and 50 + 6 = 
56 are within one standard deviation of the mean (50). The z-scores 
are –1 and +1 for 44 and 56, respectively. 

b) About 95% of the x values lie between –2σ = (–2)(6) = –12 and 
2σ = (2)(6) = 12 of the mean (50). The values 50 – 12 = 38 and 50 
+ 12 = 62 are within two standard deviations of the mean (50). 
The z-scores are –2 and +2 for 38 and 62, respectively. 

c) About 99.7% of the x values lie between –3σ = (–3)(6) = –18 and 
3σ = (3)(6) = 18 of the mean (50). The values 50 – 18 = 32 and 50 
+ 18 = 68 are within three standard deviations of the mean (50). 
The z-scores are –3 and +3 for 32 and 68, respectively. 

Try It 6-4 

Suppose X has a normal distribution with mean 25 and standard deviation 
five. Between what values of x do 68% of the values lie? 

Chapter 6 Try It Solutions 

Example 6-5 

From 1984 to 1985, the mean height of 15 to 18-year-old males from 
Chile was 172.36 cm, and the standard deviation was 6.34 cm. Let X = the 
height of 15 to 18-year-old males in 1984 to 1985. Then X ~ N(172.36, 
6.34). 

a) About 68% of the x values lie between ___________ and 
___________. The z-scores are ______ and ______, respectively. 

b) About 95% of the x values lie between ___________ and 
___________. The z-scores are ______ and ______, respectively. 



Chapter 6  Page 9 

c) About 99.7% of the x values lie between ___________ and 
___________. The z-scores are ______ and ______, respectively. 

Solution 6-5 

a) About 68% of the values lie between 166.02 and 178.7. The z-scores 
are –1 and 1. 

b) About 95% of the values lie between 159.68 and 185.04. The z-
scores are –2 and 2. 

c) About 99.7% of the values lie between 153.34 and 191.38. The z-
scores are –3 and 3. 

Try It 6-5 

The scores on a college entrance exam have an approximate normal 
distribution with mean, µ = 52 points and a standard deviation, σ = 11 
points. 

a) About 68% of the scores lie between ___________ and ___________. 
The z-scores are ______ and ______, respectively. 

b) About 95% of the scores lie between ___________ and ___________. 
The z-scores are ______ and ______, respectively. 

c) About 99.7% of the scores lie between ___________ and 
___________. The z-scores are ______ and ______, respectively. 

Chapter 6 Try It Solutions 

Example 6-6 

Suppose a normal distribution has a mean score of 15 and a standard 
deviation of 3. That is X ~ (15, 3). 

a) Approximately what percent of the scores are Between 9 and 21? 

b) Approximately what percent of the scores are less than 6? 

c) Approximately what percent of the scores are greater than 18? 

d) Approximately what percent of the scores are below 21? 

e) Approximately what percent of the scores are between 12 and 24? 
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Solution 6-6 

a) Approximately 95% 

 

b) Approximately 0.15% 
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c) Approximately 16% 

 

d) Approximately 97.5% 
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e) Approximately 83.85% 

 

6.2 | Using the Normal Distribution 

The Standard Normal Distribution Tables (shown below) provide the 
probability that Z, the Standard Normal Variable, is less than a certain 
value z. z values (values in the left column and on the top row) are points on 
the horizontal scale while areas or probabilities (values in the body of the 
table) are the regions bounded by the normal curve and the horizontal scale. 
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Table of Standard Normal Probabilities for Negative z-scores 

 

Figure 6.3 Table of Standard Normal Probabilities for Negative z-scores. 
Table entries are "less than" areas. 
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Table of Standard Normal Probabilities for Positive z-scores 

 

Figure 6.4 Table of Standard Normal Probabilities for Positive z-scores. Table 
entries are "less than" areas. 
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The shaded area in the following graph indicates the area to the left of z1. 
This area is represented by the probability P(z < z1). 

 

Figure 6.5 

P(z < z1) = Area to the left of the vertical line through z1. 
P(z > z1) = 1 – P(z < z1) = Area to the right of the vertical line through z1. 
P(z < z1) is the same as P(z ≤ z1) and P(z > z1) is the same as P(z ≥ z1) for 
continuous distributions. 

To locate the area less than z = 1.43 on the table, for example, locate the 
row for 1.4 and the column for 0.03. The intersection of the row and column 
gives 0.9236. Hence P(z < 1.43) = 0.9236. Consequently, P(z > 1.43) = 1 - 
P(z <1.43) = 1 - 0.9236 = 0.0764. 

 

Figure 6.6 

Calculation of Probabilities 

Example 6-7 

Use the standard normal tables to find the following areas/probabilities: 

a) Area to the left of z = 1.36: P(z<1.36) 

b) Area to the left of z = -0.60: P(z<−0.60) 

c) Area to the right of z = 1.47: P(z>1.47) 
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d) Area to the right of z = -0.33: P(z>−0.33). 

e) Area between z = -2.16 and z = 0.45: P(−2.16<z<−0.33) 

f) Area between z = 1.13 and z = 3.10: P(1.13<z<3.10) 

Solution 6-7 

a) 𝑃𝑃(𝑧𝑧 < 1.36) = 0.9131 

b) 𝑃𝑃(𝑧𝑧 < −0.60) = 0.2743 

c) 𝑃𝑃(𝑧𝑧 > 1.47) = 1 − 𝑃𝑃(𝑧𝑧 < 1.47) = 1 − 0.9292 = 0.0708 

d) 𝑃𝑃(𝑧𝑧 > −0.33) = 1 − 𝑃𝑃(𝑧𝑧 < −0.33) = 1 − 0.3707 = 0.6293 

e) 𝑃𝑃(−2.16 < 𝑧𝑧 < −0.33) =  𝑃𝑃(𝑧𝑧 < 0.45) − 𝑃𝑃(𝑧𝑧 < −2.16) = 0.6736 − 0.0154 =
0.6582 

f) 𝑃𝑃(1.13 < 𝑧𝑧 < 3.10) = 𝑃𝑃(𝑧𝑧 <  3.10) − 𝑃𝑃(𝑧𝑧 <  1.13) = 0.9990 − 0.8708 = 0.1282 

Example 6-8 

The final exam scores in a statistics class were normally distributed with a 
mean of 63 and a standard deviation of 5. 

a) Find the probability that a randomly selected student scored less 
than 65 on the exam. 

b) Find the probability that a randomly selected student scored more 
than 57 on the exam. 

c) Find the probability that a randomly selected student scored between 
55 and 70. 

Solution 6-8 

a) Let X = score on the final exam. X ~ N(63, 5) where μ = 63 and σ = 
5. We begin by calculating the z-score for 65, using the formula 

𝑧𝑧 =
𝑥𝑥 − 𝜇𝜇
𝜎𝜎

 

For x = 65, the corresponding z-score is 

𝑧𝑧 =
65 − 63

5
= 0.4 

From the z-tables, the area corresponding to z = 0.40 is 0.6554. That 
is, 
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𝑃𝑃(𝑥𝑥 <  65) =  𝑃𝑃(𝑧𝑧 <  0.40) =  0.6554 

 

The probability that any student selected at random scores less than 65 
is 0.6554. 
Interpretation: About 65.54% of students who took the test scored 
below 65. 

b) For x = 57 (μ = 63 and σ = 5), the corresponding z-score is 

𝑧𝑧 =
𝑥𝑥 − 𝜇𝜇
𝜎𝜎

=
57 − 63

5
= −1.20 

From the z-tables, the area below z = -1.20 is 0.1151. Therefore, 

𝑃𝑃(𝑥𝑥 > 57) = 𝑃𝑃(𝑧𝑧 > −1.20) = 1 − 𝑃𝑃(𝑧𝑧 < −1.20) = 1 − 0.1151 = 0.8849 

 

The probability that any student selected at random scored more than 
57 is 0.8849. 
Interpretation: 88.49% of students scored above 57 on this test. 

c) The z-scores for x = 55 and x = 70 are calculated as follows: 

𝑥𝑥 =  55;   𝑧𝑧 =
𝑥𝑥 − 𝜇𝜇
𝜎𝜎

=
55 − 63

5
= −1.60 

𝑥𝑥 =  70;   𝑧𝑧 =
𝑥𝑥 − 𝜇𝜇
𝜎𝜎

=
70 − 63

5
= 1.40 

From the z-tables, the areas less than z = -1.60 and z = 1.40 are 0.0548 
and 0.9192 respectively. Therefore, 
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𝑃𝑃(55 < 𝑥𝑥 < 70) =  𝑃𝑃(−1.60 < 𝑧𝑧 < 1.40) = 0.9192 − 0.0548 = 0.8644 

 

 
Interpretation: 86.44% of the students who took the exam scored 
between 50 and 70. 

Try It 6-6 

The golf scores for a school team were normally distributed with a mean of 
68 and a standard deviation of three. Find the probability that a randomly 
selected golfer scored more than 63. 

Chapter 6 Try It Solutions 

Example 6-9 

A personal computer is used for office work at home, research, 
communication, personal finances, education, entertainment, social 
networking, and a myriad of other things. Suppose that the average 
number of hours a household personal computer is used for entertainment 
is two hours per day. Assume the times for entertainment are normally 
distributed and the standard deviation for the times is half an hour. 

a) Find the probability that a household personal computer is used for 
entertainment between 1.31 and 1.83 hours per day. 

b) What percent of household personal computers are used for 
entertainment for less than 1.31 hours or for more than 1.83 hours 
per day. 

Solution 6-9 

a) Let X = the amount of time (in hours) a household personal 
computer is used for entertainment. X ~ N(2, 0.5) where μ = 2 
and σ = 0.5. We need to find P(1.31 < x < 1.83). The z-scores for x 
= 1.31 and x = 1.83 are calculated as follows: 
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𝑥𝑥 =  1.31;   𝑧𝑧 =
𝑥𝑥 − 𝜇𝜇
𝜎𝜎

=
1.31 − 2

0.5
= −1.38 

𝑥𝑥 =  1.83;   𝑧𝑧 =
𝑥𝑥 − 𝜇𝜇
𝜎𝜎

=
1.83 − 2

0.5
= −0.34 

𝑃𝑃(1.31 < 𝑥𝑥 < 1.83) =  𝑃𝑃(−1.38 < 𝑧𝑧 < −0.34) = 0.3669 − 0.0838 = 0.2381 

 

 
Interpretation: A household personal computer is used for 
entertainment between 1.31 and 1.83 hours per day 23.81% of the 
time. 

b) The probability that a household personal computer is used for 
entertainment for “less than 1.31 hours or for more than 1.83 hours” 
per day is the complement (or opposite) of “between 1.31 and 
1.83 hours”. From part a), P(1.31 < x < 1.83) = 0.2381. Therefore, 

𝑃𝑃(𝑥𝑥 < 1.31 𝑜𝑜𝑜𝑜 𝑥𝑥 > 1.83) = 1–𝑃𝑃(1.31 < 𝑥𝑥 < 1.83) = 1 − 0.2381 = 0.7619 

 

 
Interpretation: 76.19% of household personal computers are used 
for entertainment for less than 1.31 hours or for more than 1.83 hours 
per day. 
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Try It 6-7 

The golf scores for a school team were normally distributed with a mean of 
68 and a standard deviation of three. Find the probability that a golfer 
scored between 64 and 70. 

Chapter 6 Try It Solutions 

Calculating Scores 

Example 6-10 

We are sometimes faced with the problem of finding a score (z or x), 
rather than probability (or area). That is, we are provided with the 
probability (or area) in a region and are required to find the corresponding 
z-score and/or x value. This reverse lookup process is shown in the 
following examples. 

a) Find the value of z1 in the figure below. The area to the left of z1 is 
0.0485 or 𝑃𝑃(𝑧𝑧 < 𝑧𝑧1) = 0.0485. 

 

b) Find the value of z2 in the figure below. 

 

c) Find the z-score above which lies 20% of scores in the normal 
distribution. 
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d) Find b such that P(z > b) = 0. 9121 

Solution 6-10 

a) The area less than z1 is 0.0485. Since this area is less than 0.5, it can 
be found on the negative z-score table. Looking 0.0485 up in 
the area section of the z-table, we see that the corresponding z-
score is -1.66. 

 

𝑧𝑧1 = −1.66;    0.0485 = 𝑃𝑃(𝑧𝑧 < −1.66) 

b) The area less than z2 is 0.9224. Since this area is greater than 0.5, it 
can be found on the positive z-score table. Looking up 0.9224 in 
the area section of the z-table, we find that the closest value to 
0.9224 is 0.9222, corresponding to a z-score of 1.42. 

 

𝑧𝑧2 = 1.42;    0.9224 ≈  𝑃𝑃(𝑧𝑧 < 1.42) 

c) The right tail area is 20%, but our z-tables only contain left tail (less 
than) areas. We therefore subtract 20% from 100% to find the left 
tail area of 80% or 0.8. From the body of the z-table, we find the 
closest value to 0.8 to be 0.7995, corresponding to a z-score 
of 0.84. 
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𝑃𝑃(𝑧𝑧 > 0.84) ≈  0.2 

d) P(z > b) = 0. 9121 implies that the area to the right of b is 0.9121. 
Since this area is on the right, and the normal tables we have only 
provide areas on the left, we subtract 0.9121 from 1, so that the 
"less than area" is 0.0879. The closest area in the table is 0.0885, 
corresponding to a z-score is -1.35. 

 

𝑏𝑏 = −1.35;    𝑃𝑃(𝑧𝑧 > −1.35) ≈  0.9121 

Calculating x-values 

Starting with the z-formula, we can solve for x as follows: 

𝑧𝑧 =
𝑥𝑥 − 𝜇𝜇
𝜎𝜎

 ⇒  𝑧𝑧𝜎𝜎 = 𝑥𝑥 − 𝜇𝜇 ⇒  𝜇𝜇 + 𝑧𝑧𝜎𝜎 = 𝑥𝑥 

𝒙𝒙 = 𝝁𝝁 + 𝒛𝒛𝒛𝒛 

Example 6-11 

Suppose the highway fuel consumption of cars sold in a city follows a 
normal distribution with a mean of 8.7 L/100km and a standard deviation 
of 2.5 L/100km. 

a) What fuel consumption rate represents the third quartile? 

b) Determine the fuel consumption rate above which 90% of the cars 
will fall. 
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c) What is the fuel consumption rate of the least efficient 20% of the 
cars? 

d) What is the minimum and the maximum fuel consumption rate of the 
middle 95% of the cars? 

Solution 6-11 

a) Let X = car fuel consumption. X ~ N(8.7, 2.5) where μ = 8.7 and σ = 
2.5. The area below the 3rd quartile (75th percentile) is 0.75. Since 
we already have μ and σ, we simply need to find the z-score 
corresponding to the lower area of 0.75 in the table. The closest area 
to 0.75 in the standard normal table is 0.7486 and this corresponds 
to z = 0.67. Therefore, 

𝑧𝑧 =
𝑥𝑥 − 𝜇𝜇
𝜎𝜎

   𝑏𝑏𝑒𝑒𝑏𝑏𝑜𝑜𝑏𝑏𝑒𝑒𝑏𝑏  0.67 =
𝑥𝑥 − 8.7

2.5
 

0.67(2.5) = 𝑥𝑥 − 8.7 ⇒  𝑥𝑥 = 8.7 + 0.67(2.5) = 10.375 

Or we can simply use the x transformation formula obtained earlier: 

𝑥𝑥 = 𝜇𝜇 + 𝑧𝑧𝜎𝜎 = 8.7 + 0.67(2.5) = 10.375 

 

Figure 6.7 

The fuel consumption rate representing the third quartile is 10.375 
L/100km. 

b) If the fuel consumption rate has 90% higher than it, then it has 10% 
lower. We then search for the closest z-score to 0.1. The closest area 
to 0.1 is 0.1003, corresponding to a z-score of -1.28. Therefore, 

𝑥𝑥 = 𝜇𝜇 + 𝑧𝑧𝜎𝜎 = 8.7 − 1.28(2.5) = 5.5 

https://cnx.org/contents/C-wgU1_F@12.342:y3zazVJE@2/Using-the-Normal-Distribution-BSTA-200-Humber-College-Version-2016RevA#revx
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Figure 6.8 

The fuel consumption rate above which 90% of the cars will fall is 
5.5L/100km. This is the 10th percentile rate. That is, only 10% of the 
cars have consumption rate of 5.5L/km or better. 

c) The least efficient 20% of the cars will have the worst fuel 
consumption rates, and thus the highest 20% L/100km values. As a 
result, the required rate will separate the top 20% of the rates from 
bottom 80%. Searching for the closest area to 0.8 we find 0.7995 
which corresponds to a z-score of 0.84. The required consumption 
rate is 

𝑥𝑥 = 𝜇𝜇 + 𝑧𝑧𝜎𝜎 = 8.7 + 0.84(2.5) = 10.8 

 

Figure 6.9 

The fuel consumption rate of the least efficient 20% of the cars is 10.8 
L/100km. 

d) For the middle 95% of the rates, we have 5% of the rates divided 
equally into the two tails (2.5% each). See Figure 6.10 below. We 
will refer to the minimum and maximum z-scores as z1 and 
z2 respectively, and their corresponding consumption rates as x1 and 
x2. 
 
The area to the left of z1 is 0.025. So by reverse lookup, we see that 
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z1 = -1.96. 
The area to the left of z2 is 0.975 (0.95+0.025). And by reverse 
lookup, we see that z2 = 1.96 (It is expected that z1 and z2 will only 
differ in sign because the standard normal distribution is symmetric 
about 0). 

 

Figure 6.10 

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑏𝑏𝑀𝑀𝑏𝑏:   𝑥𝑥1 = 𝜇𝜇 + 𝑧𝑧1𝜎𝜎 = 8.7 − 1.96(2.5) =  3.8 

𝑀𝑀𝑀𝑀𝑥𝑥𝑀𝑀𝑏𝑏𝑀𝑀𝑏𝑏:   𝑥𝑥2 = 𝜇𝜇 + 𝑧𝑧2𝜎𝜎 = 8.7 + 1.96(2.5) =  13.6 

The consumption rates of the middle 95% of the cars are between 3.8 
L/100km and 13.6 L/100km. That is, only 2.5% of the cars have fuel 
consumption rates less than 3.8 L/100km and only 2.5% have rates 
above 13.6 L/100km. 

Try It 6-8 

The scores on an exam have an approximate normal distribution with a 
mean μ = 81 points and standard deviation σ = 15 points. 

a) Calculate the minimum score of the top 15% students on this exam. 

b) Calculate the first- and third-quartile scores for this exam. 

c) The middle 50% of the exam scores are between what two values? 

Chapter 6 Try It Solutions 

Using Excel for Normal Probabilities 

Excel can be used to obtain probabilities and z-values by using the following built-in 
functions. 

1. NORM.DIST(x, mean, standard_dev, cumulative) or NORM.DIST(x, µ, σ, 
cumulative) 
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This function is used to calculate the probability of obtaining values less than x, given µ 
and σ. We will always set cumulative to TRUE to obtain cumulative probabilities. 

Suppose X ~ N(8, 1.5) where μ = 8 and σ = 1.5. 
P(x < 6.5) can be found using =NORM.DIST(6.5, 8, 1.5, TRUE) which will result in 
0.1587. 
P(x > 5.6) can also be found using =1-NORM.DIST(5.6, 8, 1.5, TRUE) which gives 
0.9452. 

Results obtained using Excel may be slightly different from those from tables because 
of rounding. 

2. NORM.S.DIST(z, cumulative) 
This function is used to find the probability of obtaining values less than a standard 
normal value z. Again, cumulative = TRUE. 

We can find the probability that z is less than 0.54, and that z is greater than 1.28 
respectively as follows: 
P(z < 0.54) =NORM.S.DIST(0.54, TRUE) which gives 0.7054. 
P(z > 1.28) =1-NORM.S.DIST(1.28, TRUE) which equals 0.1003. 

3. NORM.INV(probability, mean, standard_dev) 
This function is used to obtain the value x, given the “less than” probability, µ, and σ. 

Suppose X ~ N(8, 1.5) where μ = 8 and σ = 1.5. 
Then the score corresponding to the 10th percentile can be obtained 
by =NORM.INV(0.1, 8, 1.5) = 6.08. 
The minimum score of the top 30% of the scores can also be obtained 
by =NORM.INV(1-0.3, 8, 1.5) = 8.79. 

4. NORM.S.INV(probability) 
This function is used to obtain a standard normal score z corresponding to a specified 
“less than” probability. 

The z-score corresponding to the 37th percentile can be obtained 
by =NORM.S.INV(0.37) = -0.33 
The z-score that has 7.5% of the area above it can be obtained by =NORM.S.INV(1-
0.075) = 1.44 
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Chapter 6 Try It Solutions 

Try It 6-1 

  𝑧𝑧 = 7.5−12
3

=  −1.5 

Try It 6-2 

-1.5, 1.5, left, 16 

 𝑧𝑧 = 𝑥𝑥−𝜇𝜇
𝜎𝜎

= 10−16
4

=  −1.5 

Try It 6-3 

The z-score for 𝒙𝒙1 = 325 is 𝒛𝒛1 = –1.50. 

The z-score for 𝒙𝒙2 = 366 is 𝒛𝒛𝟐𝟐 = –1.14. 

Student 2 scored closer to the mean than Student 1. Although they both had 
negative z-scores, Student 2 had the better score. 

Try It 6-4 

between 20 and 30. 

Try It 6-5 

a) About 68% of the values lie between the values 41 and 63. The z-scores 
are –1 and 1, respectively. 

b) About 95% of the values lie between the values 30 and 74. The z-scores 
are –2 and 2, respectively. 

c) About 99.7% of the values lie between the values 19 and 85. The z-
scores are –3 and 3, respectively. 

Try It 6-6 

For x = 63 (μ = 68 and σ = 3), the corresponding z-score is 

𝑧𝑧 =
𝑥𝑥 − 𝜇𝜇
𝜎𝜎

=
63 − 68

3
= −1.67 

From the z-tables, the area below z = 1.67 is 0.9525. Therefore, 

𝑃𝑃(𝑥𝑥 > 63) = 𝑃𝑃(𝑧𝑧 > −1.67) = 1 − 𝑃𝑃(𝑧𝑧 < −1.67) = 1 − 0.0475 = 0.9525 

The probability that a randomly selected golfer scored more than 63 is 0.9525. 

Try It 6-7 

For x = 64 and x = 70 (μ = 68 and σ = 3), the corresponding z-scores are 
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𝑥𝑥 =  64;   𝑧𝑧 =
𝑥𝑥 − 𝜇𝜇
𝜎𝜎

=
64 − 68

3
= −1.33 

𝑥𝑥 =  70;   𝑧𝑧 =
𝑥𝑥 − 𝜇𝜇
𝜎𝜎

=
70 − 68

3
= 1.67 

𝑃𝑃(64 < 𝑥𝑥 < 70) =  𝑃𝑃(−1.33 < 𝑧𝑧 < 1.67) = 0.7486 − 0.0918 = 0.6568 

The probability that a randomly selected golfer scored between 64 and 70 is 
0.6568. 

Try It 6-8 

a) The minimum of the top 15% scores has 85% of the scores below it. 
The area to closest to 0.85 from the normal tables is 0.8508, 
corresponding to a z-score of 1.04. As a result, the minimum top 15% 
score is 

𝑥𝑥 = 𝜇𝜇 + 𝑧𝑧𝜎𝜎 = 81 + 1.04(15) = 96.6 

b) Since 25% of the scores are less than the first quartile, 𝑄𝑄1, the area to 
the left of 𝑄𝑄1 is 0.25 and that corresponds to a z-score of -0.67 in the 
tables. Similarly, 25% of the scores are greater than the third 
quartile, 𝑄𝑄3, so the z-score will be positive 0.67 (due to symmetry). The 
first and third quartiles therefore calculated as follows. 

𝑄𝑄1: 𝑥𝑥 = 𝜇𝜇 + 𝑧𝑧𝜎𝜎 = 81 − 0.67(15) = 70.95 

𝑄𝑄3: 𝑥𝑥 = 𝜇𝜇 + 𝑧𝑧𝜎𝜎 = 81 + 0.67(15) = 91.05 

c) Since the middle 50% of all scores are between 𝑄𝑄1 and 𝑄𝑄3, the middle 
50% of the scores are between 70.95 and 91.05. 
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CHAPTER REVIEW 

6.1 | The Standard Normal Distribution 

A z-score is a standardized value. Its distribution is the standard 
normal, Z ~ N(0, 1). The mean of the z-scores is zero and the standard 
deviation is one. If z is the z-score for a value x from the normal 
distribution N(µ, σ) then z tells you how many standard deviations x is 
above (greater than) or below (less than) µ. 

6.2 | Using the Normal Distribution 

The normal distribution, which is continuous, is the most important of all the 
probability distributions. Its graph is bell-shaped. This bell-shaped curve is 
used in almost all disciplines. Since it is a continuous distribution, the total 
area under the curve is one. The parameters of the normal are the 
mean µ and the standard deviation σ. A special normal distribution, called 
the standard normal distribution is the distribution of z-scores. Its mean is 
zero, and its standard deviation is one.  
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